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^ ' We study the number of visits to baUs Br{x), up to time t/fi{Br{x)), 

for a class of non-uniformly hyperboUc dynamical systems, where fi is 
the SRB measure. Outside a set of 'bad' centers x, we prove that this 

^\i . number is approximately Poissonnian with a controhed error term. In 

^ ' particular, when r — ;> 0, we get convergence to the Poisson law for 

a set of centers of /i-measure one. Our theorem applies for instance 
to the Henon attractor and, more generally, to systems modelled by 

J--N . a Young tower whose return-time function has a exponential tail and 

with one-dimensional unstable manifolds. Along the way, we prove an 
abstract Poisson approximation result of independent interest. 
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1 Introduction and main result 

Consider a discrete-time, ergodic dynamical system {M, ^, T) where M 
is a compact space and T : M — > M is a map preserving the probability 
measure /x. Let t/ be a subset of M. If n{U) > 0, ergodicity ensures 
that the orbit of /x-almost every x € M visits U infinitely many times. 
Moreover, once an orbit hits U, the time between two consecutive visits 
is of order 1/^(C/) (this is a loose interpretation of Kac lemma). 

We are interested in the distribution of the number of times an 
orbit visits a set U with positive measure between time and t/n{U), 
that is, the integer- valued random variable 

3=0 

on the probability space (M, /i) . 

Sets of evident interest are balls Br{x) of center x and radius r 
and one expects that, for "small" r, the number of visits up to time 
\t/ y.{Br{x))\ be approximately distributed according to a Poisson law, 
provided correlations decay fast enough and for "typical" points x. 

In the present article, we obtain such a Poisson approximation for 
a large class of non-uniformly hyperbolic dynamical systems modelled 
by a Young tower whose return-time function has a exponential tail. 
Postponing the precise definition of this class to Section 3, let us state 
our main theorem. A more precise statement is given in Theorem 3.1. 



Main theorem. Let [M, T, /i) he a non-uniformly hyperbolic dy- 
namical system m,odelled by a Young tower whose return-time function 
has a exponential tail. Assume that the local unstable manifolds have 
dimension one. Denote by fj, its SRB measure. Then there exist con- 
stants C,a,b > such that for all r G (0, 1); 

• There exists a set Air such that 

fi{Mr) < Cr'' ; 

• For all X ^ Air one has 



Lt/M(B,(x))J 

t,{yeM J2 U(.)(r-'y)-fc 

for every integer k > and for every t > 0. 



k\ 



<C 



Let us make some comments on this theorem. 

The preceding statement immediately imphes that, for /i-a.e. center 

X 

y: w,(T^j/)=4^^^e-. (1) 



i^iy^M 



3=0 



A crucial ingredient in our proof is an estimate of the measure of 

spherical coronas. This estimate relies on several general consequences 

of Besicovitch's covering lemma of independent interest and seem to 

be new. This allows us to get explicit estimates on the error term and 

on the measure of the set of 'bad' centers. 

The assumption that unstable manifolds are one-dimensional is likely 

to be technical. 

What we control is in fact the total variation distance between the 



law of ^ 



lt/t,{BAx))\ 



1. 



o T^ and the Poisson law, see Theorem 3.1 



below. 

The class of dynamical systems we consider was defined in [20]. It 
contains among others Axiom A attractors, the Henon attractor for 
"good parameters", some dispersing billiard maps {e.g., the periodic 
Lorentz gas), and piecewise hyperbolic maps of the plane (e.g., Lozi 
attractor). 

Let us briefly comment on the results which were available so far. 
There has been a great deal of work in establishing (1), and quite 
often only for fc = 0. Most results were obtained for cylinder sets for 
some partition, see e.g. [1, 4, 15, 16, 14] and reference therein. The 
systems considered are 'mixing' processes on finite alphabets, interval 
maps, or Axiom A systems. 



There are of course many multidimensional systems for which a 
Poisson law is expected. Besides, it is very natural to consider balls 
(with respect to the distance on the manifold) instead of cylinders. 
Regarding visits to balls for one-dimensional systems {i.e. intervals), 
the first result seems to be found in [8] for uniformly expanding maps. 
Then several types of non-uniformly expanding maps on the interval 
{e.g. parabolic maps, maps with neutral fixed points) were handled in 
[3, 4, 6, 7, 12, 17]. 

In higher dimension, only a few results are available for balls up to date. 
Dolgopyat [10] established under adequate assumptions a Poisson law 
for a class of uniformly partially hyperbolic systems, including Anosov 
diffeomorphisms. Our proof works directly for the case of Axiom A at- 
tractors with one-dimensional unstable manifolds. In [9], the Poisson 
law is established but only for hyperbolic toral automorphisms which 
leave invariant the Haar (Lebesgue) measure. Pene and Saussol [19] 
studied return times for the so-called periodic Lorentz gas with 'finite 
horizon', that is, a planar billiard with periodic configurations of scat- 
terers. They obtain a convergence in distribution to the exponential 
law for the rescaled return times to balls. Finally, the authors of [13] 
prove convergence towards an exponential law for balls in certain two- 
dimensional non-uniformly hyperbolic dynamical systems modelled by 
a Young tower whose return-time function has a exponential tail. But 
their axioms do not allow to capture the Henon attractor. 

Content of the article. In Section 2 we establish an abstract Pois- 
son approximation bound for sums of {0, l}-valued dependent random 
variables. In Section 3 we describe the class of non-uniformly hyper- 
bolic dynamical systems we deal with. Then, in Section 4 we apply our 
abstract theorem and control the error-term for that class of systems. 
There is an appendix collecting a number of lemmas, some of them 
being of general interest. 

2 An abstract Poisson approximation re- 
sult 

In the sequel, we denote by 11^ the indicator function of a set A. We 
recall that if Y and Z are random variables taking integer values, their 
total variation distance is given by 

d^y{Y, z) = -Y, \ny = k)-F{z = k)\. 

(Strictly speaking, this is a distance between the laws of Y and Z 
and we should write dTv(law(y), law(Z)).) By Poisson(A) wc denote 



Poisson random variable with mean A > 0, namely 

A*" 
P(Poisson(A) = fc) = — e"-^ . 
fc! 

Theorem 2.1. Let {Xn)neN be a stationary {0, l}-valued process 
and e := ¥{Xi = 1). Then, for all positive integers p, M, N such that 
M <N -1 and 2 <p< N, one has 

dTv{Xi + h Xn, Poisson(A^e)) < R{s, N,p, M) 

with 

R{e,N,p,M)^2NM[Ri{e,N,p) + R2{e,p)] +R3{e,N,p,M) 

where 
f Ri{e,N,p):= 

s^Po<3<N-pfi<q<N-]-p [ IE(]l{Xi=i}]l{s^^-j^<,}) -eE{l^gN-^,^^y) I 

i?3(e, N,p, M) := 4 (]VIpe{l + Ne) + ^^^ e'^' + Ne^^ . 

The error term in the above Poisson approximation looks like the one 
obtained by the Chen-Stein method [2], but it involves only future 
sigma-algebras. In view of applications to dynamical systems, this is 
crucial since correlations (which are related conditional expectations) 
are in general controlled only with respect to future sigma-algebras. 
Here we use a different method which compares the number of occur- 
rences in a finite time interval with the number of occurrences in the 
same interval for a Bernoulli process (X„) such that P(Xi = 1) = e. 
It finally remains to estimate the distance between the number of oc- 
currences of this Bernoulli process with a Poisson law, but there exists 
a well known sharp estimate [18]. 

Proof. Let (X„)„gN be a sequence of independent, identically dis- 
tributed random variables taking values in {0, 1}. Let e = P(Xi = 1) 
and assume that the X„'s are independent of the X^s. 
We will use the following notations and conventions: S^ := Xi+Xi+i + 

■ ■■ + Xj and Sf ~ X, + X,+i + - ■■ + Xj, for 1 < i < j; 5° = S^^^ := 0. 

We start by writing a telescoping identity: 

Af-l 

P(5f = fc) - P(^f = fc) = E ^^0') (2) 

J=0 



where 

where in turn we set 

$fej W := P(^f "^' = k-£)- ¥{Xi + S^-' =k-£). 
By assumption we have 

p(li + s^-' = k-l) = 

(1 - e) F{S^-' =k-£)+e ¥{S^'' =k-£-l). 
Writing 
F{S^~' ^k-£)^ F{Xi + S^-' =k-£)= ¥{S^-' = k-£-X{) 

= E[ Vi=i}i{5,"-=.-£-i}] + E[(i - Vi=i})i{sf --fe-n] 

we obtain 

$fe,,(£) = E[]l{Xi=i}]l|sf-=fe-^-i}]~eE[]l{5«-,^,_,_,j] 

We want an estimate for a term of the form 

E[]l{xi=i}]l(s-=n] -eE[]l{5T^,}], < t < T. (3) 

We start by observing that 

'^{S^=t} = 1{X2=1} l{5j=t} + l{X2=o}]l{sj'=t} 

= l{X2 = l}l{5j=t} + l{X2=0}l{S|'=t} 

= l{Jf2 = l}l{5j=t} + (1 - ]l{X2 = l})]l{5j=t}> 

whence 

-]l{jf2=i} < ^sj^t} - hsj:=t} < l{X2=i}- 
More generaUy, we get for every to > 1 

Summing these inequalities for m — 1,2, ...,p— 1 yields 

p-i 

|i{S2^=t} - i{sj+i=t}l ^ Yl v™+i=i} 



for every p > 2. Therefore we have the fohowing bound for (3): 

|E[]l{x,=i}]l{s-=,}] -£E[]l{5j.t}]| < 
p-i 

m—l 

Collecting all the estimates we get for each k 

N-p-l 

J2 \Ak{j)\<2N[R,{e,N,p) + R2ie,p) + 2pe^]. 

For the last p terms {N — p<j<N— 1) in the sum (2), we cannot 
use the above estimate. Instead we directly bound the terms to get 
immediately 

whence 

Af-l 

Y, \Ak{j)\<4pe. 

j=N-p 

Therefore we obtain for each k 

|P(S'f = fc) -P(S'f = fc)| < 

27V [Ri (e, N, p) + i?2 (e, p) + 2pe'^] + Ape. (4) 

We now estimate the total variation norm between the law of S^ and 
that of Si which we write as 

N-l 

J2 \HS^ - fc) - P(^f - fc) I =: /i + h (5) 

fc=0 

where 

h=Y. \^{S^ = k)-f{S^ = k)\. 

k=M 

We have at once 

h < Y. ^(^1^ = fc) + E "^(^1^ = ^) 

fe=M fe=M 

Af-l N-l 

= 2 Y ip(^f = fc) + E [^(^1^ ^^)- ^(^1^ = ^)] 

k=M k=M 

N-1 M-1 

= 2 Y Hs^ = ^) + E [^(^1^ = ^) - ^(^i"^ = ^)] 

fc=M fc=0 

Af-l 

< 2 ^ P(5f ^fc)+/i. 



k=M 



We now use the fact [2] that for any A > and any integer N > 1, 



fc=0 

and observe that 



J2 ^{S^ -^k)^ P(S'f > M 

k=M 

Therefore, using (6) with A = A^e we get 

N-l 

^ P(S'f = fc) < 2Ne' 
Hence 



2 , ^-nANs)^ 
k=M 



I,<4Ne' + 2e-^^^-^^+h. (7) 

On the other hand, we have from (4) the obvious bound 

h < 2MN[Ri{e,N,p)+R2{e,p) + 2pe^] +4Mpe. (8) 

Using the triangle inequahty, (5) and (6) with A ~ Ne, we obtain 
dTv{Xi H h Xtv, Poisson(7Ve)) 



N-l 



< J E \Hs^ - ^) - Hs^ = fc) I + 1 E hs^ - ^) 



e-^A*^ 



k=a fe=o 



<l{h+h + 2Ns 



Using (7) and (8) wc conclude the proof of the theorem. 



3 A class of non-uniformly hyperbolic sys- 
tems 

We work in the setting described in [20, 21] to which we refer for more 
details. We first recall (most of) the axioms and then list some of their 
consequences we use later on. 



3.1 Axioms 

Let T : M be a C^ diffeomorphisni of a finite-dimensional Rieman- 

nian manifold M. 

An embedded disk 7 C Af is called an unstable disk if for any x, y G 7, 

the distance d{T~"'x,T~"-y) tends to exponentially fast as n ^ 00; 

it is called a stable disk if for any x, y G 7, the distance d{T"'x, T"y) 

tends to exponentially fast as n — > 00. 

We say that a set A has a hyperbolic product structure if there exist a 

continuous family of unstable disks F" — {7"} and a continuous family 

of stable disks F* = {7'*} such that 

1. n-u+ns = n where n„ = dim(7"), n^ = dim(7'') and n = dim(M); 

2. the 7"-disks are transversal to the 7*-disks with the angles be- 
tween them bounded away from zero; 

3. each 7"-disk meets each 7''-disk at exactly one point; 

4. A= (U7")n (U7''). 

A central ingredient is a certain return-time function i? : A — > N. In 
the sequel, we denote by Leb the Riemannian measure on M and by 
Leb-y the measure on F" induced by the restriction of the Riemannian 
structure of M to 7. 

(PI) There exists A C M with a hyperbolic product structure and 
such that Leb-y(7 n A) > for every 7 G F". 

(P2) There are pairwise disjoint sets Ai, A2, . . . C A with the following 
properties: 

(a) Each Aj has a hyperbolic product structure and its defining 
families can be chosen to be F" and Ff C F*; we call A^ an 
s-subset; similarly, one defines w-subsets. 

(b) On each 7"-disk, Leb^((A\ Uj A^) 07) =0 for every 7 G F". 

(c) There exists i?i > such that r^'(Ai) is a M-subset of 
A; moreover, for all 2: G A^ we require that T^'{'j'^{x)) C 
YiT^'x) and r«'(7"(a;)) D 7"(T«'a;). 

(d) For each n, there are at most finitely many i's with Ri = n. 

(e) mini Ri > -Ro for some i?o > depending only on T . 

To state the remaining conditions we need to assume that there is a 
function so(a;,y) ("separation time" of x and y) which satisfies the 
following conditions 

1. so{x,y) > and it depends only on the 7*-disks containing the 
two points; 

2. the maximum number of orbits starting from A that are pairwise 
separated before time n is finite for each n; 



3. for X, y G A^, so{x,y) > Ri + so{T-^^ {x) ,T^'^ {y)) : in particular, 
so{x,y) > Ri; 

4. for X G Ai, y G A^, i ^ j, we have so{x, y) < Ri — 1. 

Let T" be the restriction of T to 7". We assume that there exist C > 
and a < 1 such that for aU x, y G A, the following conditions hold: 

(P3) Contraction along 7*-disks: d(T"(x),r"(2/)) < Ca" for all n > 
and y G 7''(a;). 

(P4) Backward contraction and distortion along 7": for y G 7" (a;) and 
< k < n < so{x,y), we have 

(a) d(T"(x),r"(2/)) < Ca"«(^^2')-"; 

(b) 

" det I^T-r (X)) ^,^^,,„ 

^jydeti?r"(r^(y)) - 

(P5) Convergence of £'(T*|7") and absolute continuity of F'^: 

(a) for y G 7^(2;) and n > 0, 

1^ det i.TnT-(.)) ^ 
**^:^^^det DT'^iTHy)) ~ 

(b) for 7, 7' G r", define e : 7nA ^ 7'nA by e(x) ==7''(x)n7'; 
then is absolutely continuous and 

d(e-^Leby) -^ det DT'^iT'ix)) 

dLeb^, ^^-^ ~ £-| det DT"(T^(e(a;))) ' 

3.2 Some properties 

As proved in [20], if for some unstable manifold 7 G F", one has 

00 

y^ Leb^ja: G 7 n A : R{x) > p] < 00, (9) 

p=i 

then (M, T) admits an SRB measure which we denote by /i. 
Define the set 

^:=U U T^(A,). 

i=l j=0 

This is the attractor of the system and its supports the SRB measure 
We recall that for any measurable set S we have the formula 

00 Bi-l 
i=l j=0 



10 



where m is the SRB measure for (A,r^). We refer to [20] for de- 
tails. The measure m can be disintegrated using the fohation in local 
unstable manifolds. For any integrable function g we have 

g dm ~ / di^(7) / gdrriy, (11) 

A Jr^ J-1 

where v is the so-called transverse measure. Each measure m^ has a 
density with respect to Leb.^: 

drriy ~ py dLeb^, (12) 

where 

B-^ < p^{x) < B (13) 

for some positive constant B > 1 independent of 7 G F". 

Note that the measure Leb^ is not normalised. However, since ?Ti is a 

probability measure, we have 



dj.(7) / p^dLeb^(7) = l. (14) 

Given j3 e ]0, 1], let Hi3{M) be the Banach space of real-valued Holder 
continuous functions on M (/3 = 1 gives the Lipschitz functions). We 
denote by || • ||^ the Holder norm. Using [20, 21] and Theorem B.l 
in [5] , we have the following decay of correlations for Holder functions 
with respect to the SRB measure p,: there is a sequence C{p) — C{p, /3) 
of positive real numbers tending to zero as p — > 00, such that for any 
functions ijji,ijj2 G HpiM), we have 

<cip)Uiyu,\\p. (15) 



^Ji ■ 'tp2 ° TP dfx — / ^1 d/x / ^2 d/x 
It was proved in [21] that 



C{p)=0{l) ^m{i?>fc}. 

k>p 



Notice that (9) implies that 



y m{R > p} < 00. 
The following positive function of s G R will appear repeatedly: 



^(S):- / J2 R^M^^)■ 



i:Ri>8 



11 



Notice that il{s) — > as s ^ +00 and that 

c{p) - o(i) n{pf. 

We win also use repeatedly the positive number 

A = \\DT\\lo^ + \\DT-^\\l^ + WD^TWlo. . (16) 

Note that A>2. 

3.3 Poisson approximation 

We can now formulate precisely our main theorem which is loosely 
stated in the introductory section: 

Theorem 3.1. Let {M,T,fi) be a dynamical system obeying the ax- 
ioms of Subsection 3. 1 where fi is the SRB measure. Moreover assume 
that the return-time function R has a exponential tail (with respect to 
the measure m) and that the local unstable manifolds are of dimension 
one. 
There exist positive constants C, a, b such for any r G (0, 1); 

• There exists a set M,. such that 

KMr) < C? ; 

• For all X ^ Air and all t > one has 

dTv(^r,a;(i),Poisson(t)) < C r"" 
where 

ZrAt) = J2 ^«-(=") ° ^' 

and Poisson(i) is a Poisson random variable of mean t. 

4 Proof of Theorem 3.1 

We will apply Theorem 2.1 to the class of non- uniformly hyperbolic 
dynamical systems described in Section 3. We will take X„ = ^Br-(x) ° 
T"'~^, n > 1, where Br{x) denotes the ball of center x and radius r, 
whence e = p(Br{x)). We will control the error terms i?i(e, N,p) and 
R2{e,p) in Theorem 2.1. From now on, we work under the assumptions 
of Theorem 3.1. 



12 



4.1 Estimation of /?2(£,p) 

We first estimate the measure of certain points x coming back "too 
quickly" into the ball Br{x). 

Lemma 4.1. Let 

Mr^{xe£/\31<k< [clog{r-'^)\,Br{x)r\T''{Br{x)) 7^0}, 

where c := 1/(6 log A). Then there exists a constant D > and, for 
any a G (O, „, ^ . ) , there exists b ~ b{a) > such for any r G (0, 1) 

n{Mr) <D \og{r-^) r"^ +n^{a\og{r-^)) 

Notice that this lemma holds for any n^ > 1- 

Proof. Let ao > such that ao < c to be chosen later on. We define 
the following sets: 

Lclog(r-i)J 

k=lao log(r-i)] 
Laolog(r"i)J 

M^^^ := U Afr{k), 

k=l 

where 

J\fr{k) := |x G £/\Br{x) n T''{Br{x)) ^ 0}. 

By definition we have 

Mr -^ Mi^^ Li Mi^\ 

We now derive a uniform estimate of /i(A/'r(fc)) for k > [aolog(r^^)J. 
Assume there exist 7 G F" and integers i,j such that T'^^^(x) G 70 A^. 
Let z G Afrik) be such that T''-i{z) G 7nAi. Note that by the Markov 
property, T''+^'^^{z) G j{T''+-^'^^ (x)). We will use the notations 
X = T^^-3{x), and z = T^^-^{z). 
We distinguish two cases. Assume first 

d{T^(x),T^{z)) <2d{x,z) . 

From (P4)(a) in Section 3 and since k > [aologr~^J, we have (since 

r'=(z) G 7"(r'=(£)) 

d{x,z)<Ca'' <Ca'">^°s{r-')^ 

Hence 

d{T''{x),T''{z)) < 2d{x,z) < 2Ca»«'°s(''"') . 

13 



We now consider the case 

d(r'=(x),T'^(i)) >2d{x,z) . 

We observe that Br{x) n r'^(i?j,(x)) 7^ imphes that there exists y G 
Br{x) such that T^{y) e Br{x). Therefore 

d{x,T^{x)) < d{x,T\y))+d{T''{x),T''{y)) < r+A''d{x,y) < (A'=+l)r 

Let o e (0, 3 ^^ ^ ) and assume that Ri < alog(r^^). Then 

2d{x, z) < d{T''{x),T''{z)) < d{T''{x),x) + d{x, z) + d{z, T^{z)) 

<d{x,z) + 2A^^-^{A'' + l)r 

It foUows that 
This imphes 

d{T*'{x),T*'{z)) < A'= d{x,z) <4^(2c+a)log(r-i)^^4^1-(2c+a)logA 

Since c == 1/(6 log ^) and a € (0, gjg^ ), we have l-(2c + a)fogA > 0. 
Combining both cases, we obtain 

d(r'=(x),r'=(z)) <c'r^ 

where C" is a positive constant (independent of x, z and r) and 

2 
b = min { — ao log a , - — a log A] . 
o 

Letting 7' = T^' (A^ O -y) G F", it follows immediately that for any i 
we have 

Lehy{T^'{A,n-fnT''-^{Afrik)))} <C"r"-'' , 

for a positive constant C" independent of 7, i, fc. Using (P4)(b) and 
(P5)(b) we get 

Leb-y(Ai) 
From (10) and the invariance of the measure, we have 
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< J2 T. m{T-^{T''{K{k))) n A,} + fi2(alog(r-i)) . 

i, fli<alog(r-i) j=o 

For fixed fc, i and j we can use the expression (11) to obtain 

Jr" Jir\Kir\T'^-3[j\fr{k)) 

Using the estimate (17) we get 

m{r'=-^(AA^(fc))nA,} <C"V"'''' j du{-i) j p^dLeb^ 

= C"V""''m(A,) . 

This implies 

R^-l 
K^r{k)) < C'r''-'' Y. ^ m(A,)+r!2(alog(r-i)) 

i, i?,i<a log(r-i) i=0 

< C""r""''+02(alog(r-i)) . (18) 

This yields 

Ai(Xl'0 <c log(r-i)[c""r""'' + r!2(alog(r-i))" . 

We now consider the case 1 < fc < [aolog(r^^)J to estimate fii^Mr )• 
For a such a fc, we define an integer p{k) by 

p(fc)- Llog2(iolog(r-i))-log2(fc)J +1. 

and a radius 

V ^ Ak -I 

Observe that 

aologr'(fc)"^ < aologr-i < k' := fc2P('=) < 4aologr-i 
and since A> 2 

r'(fc)<A2'=2-<"r<A8»«i°g'-"r. 
Applying Lemma B.3 we get 

Afr{k) C K'(k)ik') C J\f^,a„io,.-i^^{k') . 
Using the estimate (18) and choosing 

1 



4fc2P<'=' 1 



ao 



161og(A) 
15 



we obtain 

/Laolog(r-i)J \ /2Lciolog(r-i)J 

M(Mf ) = M U Nr{k) < M U AA4S.„:o..-vW I < 

V fc=l / \£=Laolog(r-i)J 

The result follows by putting together all the estimates. ■ 



In the next proposition, we provide an estimate for the error term 

R2{ll{Br{x)),p). 

Proposition 4.1. There exist constants C > and 5 > such that 
for any r G (0, 1), for any a G (0, jj^^-j), for b = b{a) as in Lemma 
4-1, and there exists a measurable setlAr satisfying 



M(Wr.) < 



C 



r2(slog(r-i)/3) + r^+log(r-i) r"^ +log(r-i) n^ {alogir-^'"^)) 
such that for any x G si\lAr and for all p > 2, 

R2{l^{Br{x)),p) 

< Ci,{Br{x)) (log(r-i))3 n Q minji, ^l^j log(r-i)) 

+ max|r^a5'°g(^"')|+p(r5+r-3-"f72((log(r-i))2)) 

The constants c and c are those appearing in Lemma B.2 and Lemma 
4-1, respectively. 

Proof. We have 

R2{^l{Br{x)),p) = 
'Lclog(r-i)J-l p-1 \ 

E + E E V(.)]lB.(.)Or 

e=i e=ic\og{r-i-)\J ^ 

The first sum is controlled using Lemma 4.1: it is empty if x G £/\Air 

Thus, from now on, we assume that £ > [clog(r^^)J . 

Let 

1 . (I -clogal _i 

s := — mm < — , > log r 

3 \4' 4 J ^^ ^ 

and 

£o := (log(r-i))2. 
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We use Corollary A.l with q ~ s and u = uji where 



Wl = 



\. 



Ri-l 
.Ri>s j=0 



and formula (10) to get 



Vw ]1b.(.)oTM < 



-R,-l 



^ ^ m{A, n T-^Br{x) n r-^'-^Br(a;)} + wi fi{BAx)), 

i,Ri<s j=0 

for any x G ^ outside of the set '^^^-^ such that 

m(K;i) <p{n) Wi. 
For each i such that Ri < s, we define the set 

A, = {a; e A, : Vj < £„, i?((T«)^(x)) < s}. 
Let Aq, Ai be the finite positive measures defined by 

R^-l 

i,Ri<s j=0 
-R.-1 

^i(^) = E E "^(^AA. n r-^'^). 

i,Ri<s j=0 



(19) 



We have 



-R,-l 



Ai(M) = ^ ^ m(AAA,)<(s + l) ^m(AAA, 

i,Ri<s j=0 i,Ri<s 

< (s + l)m UM '{i?>s} 

< (s + 1) £o m{R > s} , 

where the last inequality follows from the T^-invariance of to. We 
now apply Lemma A. 3 to the measures Aq and Ai defined above, and 
io = ui2 defined as 

a;2 = V(s + 1) 4 m{R > s}. 
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We have 

i,Ri<s j=0 

< ^ ^ m{Ai n T-^Br(x) n T-i-^Br{x)) + cja Ho(Br(x)) 

i,Ri<s j=0 

R^-l 

< Y^ ^ m(AinT-^B^(a;)nT-^-^S,.(x)) +CJ2 M(-Br(a;)) (20) 

i.,Ri<s j=0 

for any a; G jz/ outside of the set "^0)2 (-^Oj Ai, r) such that 

Ao(K;2(Ao,Ai,r)) <p(n)a;2 

which imphes 

^l{'^^,{\o,Xl,r))<p{n)LU2+OJl (21) 

For any 7 € F" and any finite sequence of integers {q, . . . ,im {m > 1), 
we define the following (non-empty) subset of 7: 

Oo....,.™(7) - {x e 7 n A,„ : (r^)P(x) e A,^ Vl < p < m}. 

For any integers io, J < ^io, ^ and 7 e F", for any r > 0, we define 

l7,ioj,f,r = {{io, ■ ■■ ■,im) minimal such that \T^C,io,...A^{l)\ < r and 

rn 

Y ^^'^•(^) >J+iiorxe Oo,...,»™(7)}, 

fc=0 

where | • | denotes the diameter of Cio,---,im(7)- 

By '(ip, . . . , im) minimal' we mean that for the sequence (iq, . . . , im-i) 
one of the two conditions is violated. Observe that from minimality 
we have either 



J2R^J^)<J+e 



k=0 

or 

m — 1 



E^*^(^)^^'+^ and \T^C^o.■■■.^^-^h)\>r■ 
k=0 

It is easy to verify that for any 7,10, j < Ri„,£,r, l^^i„j^i^r is a (finite) 
partition of 7 n A^^ up to a set of Lebesgue measure zero. 

• If Er=o'^*.(^) < J + e^ (^^)'"C^o....,^„(7) = An7i for some 
7i e F". Since £ < Ri^ < s, we have for some constant c > 

|T^■+'C^o,...,.™(7)l>cA-^ (22) 
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• If YJk=o ^ik i^) > i + ^ and \T^C,io,...,i^-i {l)\ > r, then we have 
for some 72 G F" 

(r^r"^Go......™-i(7) = An72 

and 

(r^r~'G„,...,.™(7) = A,„n72. 

Since the maximal expansion factor is A and Ri^ < s, wc have 

|A,„n72|>A-^ 

Hence 

\iT^r-'Qo,....,M)\ ^^-s 



liuu = 1, the distortion of the differential along a backward orbit 
of a local unstable manifold is uniformly bounded. Therefore, 
since j < YJk=a ^iki^)^ we get 

\THio,.-,^-M\ 

which implies 



> C A- 



\T^C^„.....^^{l)\>CrA-^. 

By the uniform backward contraction along unstable manifolds 
(cf. (P4)(a) in Section 3), and since £ > [clog(r~^)J, we get 

|^^'+^C^o...,^™(7)l > C a~V A-' > C a-''°s('--') ^ ^--, (23) 

We now estimate the first term in (20). We will use the fact that, if 
T e lj,zj,i,r, T^Cril) n Brix) ^ and |T^'Ct(7)| < r, then we have 
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T^Crh) C B2r{x). We have 

-R.-1 
J2 Yl ""(^^ '^ T"^Br{x) n T~^~^Br{x)) (24) 

i,Ri<s j=0 

= H™( U ^^^T-^Br{x)f^T-j-^Br{x) 

j=0 \i:j + l<n.i<s 

= X! / ^^(^) / l{T-iB,(2:)} l{T-J-fi3,(2:)}P7dLebT, 



= E/dK7) E E 
<E/dK7) E E 



j=0 ^"" j:j + l<fli<S TEI^j j_f 



1{T-JS2^(2:)} l{T-3-«B^(a;)}P7dLeb-y 

Cx(7) 

=j:f^Mi) E E 

Cx(7)nT-3_B;(a;)5^0 
X:,(7) ^{T-^B2A^)} ]l{T-J-^B,(a;)}P7dLebT, /• 

We bound the prefactor of the previous integral as follows: 

■^fr(7) "^{T-^Bir-ix)} ]l{T-J-''B,(x)}P7'iLeb^ /Cx(7) ^{T-J-<!B,(a;)}P7dLebT, 

/c,(7) l{T-^B2.(a;)}P7dLeb^ /c,(7) P7dLeW 

^^ /c,(7) %T-^-^B.(x)}dLeb^ 
/c.(7)dLeb^ 
Let to' < ?Ti be the smallest integer such that 

m 

E^^^(^)^.?+^- 

Let 



i:=E^*'=(^)-j'-- 



fe=0 
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We have for r e l-y.ij.i^r 

r^'+^+*(Cr(7)) C A n 7, for some 7 e T". 
From (P4)(b) (Seetion 3) we obtain sinee < i < s 

4(^) ]l{T-.-^B.(.)}dLeb^ ^ ^ Leh^{THBr{x))nj) 



4(^)dLeb^ - Leb^(T^+^+*(C.(7))n7) 

1 



P+'{Ui))\ 

<CA3''max{r,a''°s(r-^)\ 

where the last inequahty follows from (22) and (23). Therefore we have 
using (24) and the above estimates 

Y^ Y^ m(A, n T-^Br{x) n T-^-^Br{x)) 

i,Ri<s j=0 

<Cyl3*max{r,a''°s('-^)|x 

Y / '^"^^^ Yl X] / l{T-^B2.(a;)}P7dLcb^ 

Cx(7)nT-iB;(a;)5^0 

< C^3s^^j^x|r,a''°s('-"')| ^(^2^(2;)), 

where the last inequality follows from (10). Using Lemma A. 2 we get 
for X ^ S'r^s that (24) is bounded from above by 



C A^' --' 



r max • 



Collecting the above estimates, we obtain for any £ < £0 that 

Li+Lj2 + CA^''r-' max{r,a''°s('-^^)U ^{Br{x)) 
for any x outside the set 

Ir ■= "©Lii U '©Lj2 U 0r,s- (25) 
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We now consider the case £ > £o. We define the following Lipschitz 
function: 

{1 if d{x, y) < r 

2-£M if r<d{x,y)<2r 
if 2r<d{x,y). 

The Lipschitz constant of ipx.r is 1/r. We have 

e(]1b,(,) V(.) o t^) < JiJ^Ay) ^xAT'iv)) My)- 

Using the decay of correlations (15), we obtain for any x, for any 
r € (0,1) and for any integer £ 

^.Av) ^xAT\y)) My) < Ui^xAv) My)^ +^"' c{£). 

Since '>px,r < ^B2r(x)i using Lemma A. 2 and Lemma B.2, we get for 
X ^ (fr,s U Jr we get 

e( V(,) tBA.) ° T') < AB2r{x)Y + r-2 C(£) 

<r-^'ABr{x))^+r'^C{£) 
<Cr''^ABr{x))+r-^C{£), 

where in the last inequality we chose s < r/4. Using Lemma A.l for 
Q = 1, we can write for x ^ Ar U J7r 



]1b,(2;) ^B^(x) °T 



E 

for a constant C > 
We now fix 



< (^[r"^/^ _^r-3-" C(^)]M(B^(a;)) 



1 1 —clog a r 

s = mm < — , 



4' 41ogA' 4 ' 4^ 
and define the set 

Ur ■.= TrUArUJr (J Mr- 
Using (19), (21), (25), Lemma A. 2, Lemma B.2, Lemma A.l and 
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Lemma 4.1 wc obtain 

<C[uji+ujI+ u}2 + r^ + r + n{5log{r-'^)) 

<C[f}(s)+r^ + 0(slog(r-i)) 

+ log(r-i)r'^ + (log(r-i))02(alog(r-i/2)^ 

<C[l}(slog(r-i)/3)+r^ 

+ log(r-i)r'^ +log(r-i)f]2(oiog(r-i/2))l ^ 

since J7 is a decreasing function. We obtain 



J2 IE( V(,) ]1b.(,)oT' 

fcLclog(r-i)J 



' 4(V4^(s) + CA3^max{r3/4,a3('i°g(^ '))/4) ^(B^(x)) if p < €o 



< < 



4 



/4ri(s) +CA3^max{r3/4,a3('i°g('-"'))/4|] /i(B,(a;)) 



for any x ^Ur- Recall that 

1 . f 1 —clog a 



and 



if P > -^0 



s = — mm < — , 

3 14' 4 



X log(r 



4 = (log(r-i))2 



We get 



p-i 



^ E ]1b^(,) ]1b^(,) o TM < 



l=Lclog(r-i)J 

Cm(S,(x)) 



(log(r-i))3l](imin|i, ^^^log(r-i: 



:{ri/2,a^'°s('-")/2}+p(r^/2 + r-3-«f72((log(r-i))2) 



This ends the proof. 
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4.2 Estimation of Ri{e, N,p) 

We shall have to deal with the measure of certain coronas: For any 
r G [0,1], X G £/ and any S > 1 wc define the corona 6^.5(2;) by 

Gr,s{x) = Br{x)\Bj._j.s{x). 

Let 

V :=!+ • 

log a 

Define the set Aq^^ as the set of points a; e A such that: 



(26) 



i?((r«)^(x))<qlog(r-i) 



whenever i is such that: 

£-1 



Y^R{{T^nx))<{v + l)q\og{r-^). 

g=0 



For X G Aq^r, define 



L^A^) = min £ I ^ i?((r^)''(x)) > (« + l)q log(r-i; 
Observe that 

Define the following set of pieces of unstable disks 

Observe that tjq ,, is a partition of Aq ,, and that the function x 1— > 
Lo^^x) is constant on the elements of Q^^r- 

Lemma 4.2. There exists a constant C > such that for any q > 0, 
for any r G (0, 1) and for any rj G Q^^^ o-nd for any J < q log(r~^), we 
have, for all 5 > 1, 

m^JT--'' (e,,5(x)) n 77} < C r^'^ A^i°g('-"') 

where 7 is the element ofT^ containing rj. 
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Proof. Since T is a diffeoniorphisni we have 

We can write for any y G 77 

Observe that from the definition of iq ,.(y) above that for all y G 77 

for some 7' G F". Therefore, from (P4)(a) and the definition of v in 
(26), for all y £ rj, we have 

|y-R(y)('„~)| < Q,i<i,r(y)--R(y) < Q,t'qlog(r"^) ^ ^-qlog(r"i) ^-qloga^ 

It follows that T'^^y\'q) C 7" G r". Hence T^^y\ri) is a smah embed- 
ded disk. From the above estimate on |T^(^^(77)| we deduce that, for 
any < j < R{y)^ T^{r]) is an embedded disk and there is a control on 
the size and on the embedding which is uniform in r. Namely, Since 
T^{ri) is almost flat, there is a uniform constant C > such that 

\Qr.s{x)^T\ri)\ <C r^'^. 

The lemma follows from (16) and the fact that < j < qlog(r^-'^). ■ 

Proposition 4.2. There exist constants C > 0, To G (0,1), such 
that for any r G (0,ro) and any q > 0, there exists a measurable set 
A^r satisfying 

^{Mr) < Cr 

and such that for any x G £!^\Mr we have for all S > I 

KGr.six)) <C fi{Br(x))x 
^l-n-1 ^(^+3)qlog(r-i) ^^-n-l(^_^^qiQg(^-l))2 O^ (q log(r-l )) 

where v is defined in (26). 
Proof. We define 

Mr = {x\n{Br{x)) <r"+i} . 

It follows from Lemma A.l that 

^i{Mr) <Cr . 
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We have 

oo Ri-1 

K'^rA^))< J2 ^m{r-^(e,,5(x))nA,}+n2(qiog(r-i)). 

J,fl,<Lqlog(r-i)J 3=0 

Define the sets A^ = A n Aq^r, where Aq^^ is defined above. 
Now observe that from the definition of Aq^^ we have 

oo Ri-l 



J2 Yl ^i^M^ 

i,i?:.<Lqlog(r-i)J j=0 



oo 



<qlog(r-i) J2 "^(AAA.) 

i,fli<[qlog(r-i)J 

/L(t'+2)qlog(r-i)J 

<qlog(r-i)m |J {T^y" {R > qlog{r-')} 

\ 9=0 

Using the T^-invariance of m we get 

^GrMx)) < (27) 

oo fl,-l 

E E m{T-^erA^))nA,} + {l+vq\og{r-')f n^qlogir-')). 

i,it:,< Lqlog(r-i)J j=0 

For any j < Ri < q log(r^^), and 7 e F", we have 

m-,{T-3{erj{x))nM} 
m^(Ai) 

^ EneG,,.^AT-'{erAx))nA,nv} 

m-,{T-^er,s{x))nhnr]} 
- ™P — ^ ~~n — \ 

veSc^.vc-fHAi mj[Air\r]) 

Observe that from the definition of Lq,r{x) above that for all x £ 77 

T^i.'-(=^)(r;)=7'nA 
for some 7' € F". If n„ = 1 then 

I77I > yi-(^'+2)qlog(r-i) 

by (P4)(b) and (16). Therefore by using Lemma 4.2 we obtain 

m^{r-j(e,,^(x))nA,} ./^ .(„+3)qlog(r-i) 



< c //2 ^(^ 

TO^(Ai) 
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Using (11) and the previous inequality, we have 

m{T-^ (Grjix)) n A,} _ /r„ diy{-f) m-,{T-i {er,s{x)) O A,} 
m(Ai) /p„di/(7) m^(Ai) 

< C //^ ^(f+3)cilog(r-i) ^ 

This implies, using (27) and (10), that 

J2 E "^(^0 + (1 + «q log{r-'))'n^ (q log(r-i)) 

i,i?,<Lcilog(r-i)J i=0 

< c//2^(«+3)ciiog(r-i) +(i + ^;qiog(r-i))2 f72(qlog(r-i)). 
The proposition follows since x ^ Mr- B 

Proposition 4.3. T/iere exist constants C > and 5 > such that 
for any r G (0, 1), for any a G (0, j^^-j), for b = b{a) as in Lemma 
4-1, and for any pg > and p > 0, there exists a measurable subset 
Air of the attractor .s/ satisfying 

KMr) < C [f7(slog(r-i)/3) +r^ +log(r-i) r"^ 

+ log(r-i) r!(alog(r-i/2))' + r + n2(piog(r-i)) . 

such that for any x G s/\Mr, we have for any integers p, £ and < 
q<£ 



Ei^lix,=i}^^s;+l+'=q}) - M(5r(a:))E(^]1^5P+i+.^^j j 



< 



Cfl{Br{x)) 



r + r-"-i(l + vpo log(r-i))2 n^ (po log(r-i)) 



+ fr-"-i(l + 'yplog(r-i))2 f72(plog(r-i)) 

+ C ^-3(n+2+(-+3)Po logA) ^2 ( ^^^ _^ 2 + {v + 3)p \og A) ^-^^) 

\ logay 

+ (log(r-i))3 n(- min/i, ^i^llog(r-i 
^ *^^ " \3 \4' 241ogAJ ^^ 



1 log(r-^) 

max ■; r^ ,a 12 log ^ 



+ 4(n + 2+(i. + 3)plogA) ^ (r* + r-^-" ^^((logr-i)^)) 
where v is defined in (26). 
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Proof. Lct_Alr be as in Proposition 4.2. From now on we assume 

that X e S!/\Mr- 

Let 5q > 1. Define the function (p^.r by 

T — cli X Zl] / \ 

It is left to the reader to verify that this function is Lipschitz with a 
Lipschitz constant r^ " (uniform in x). It follows easily using Propo- 
sition 4.2 with S — do to be chosen later on and q = po, that 



<E(]l{x^^i}1^5P+l+.^^jj - E{^(j)^,r\s;+l+'=q} 

<Ef]l. (.)]l,,,.+i+._,^ -E^V ._.„(.)1 



< Ef [i-BAx) - '^B^_^s„(x)) l{sJ+;+^=g} 

< fl{Br{x)) - ^l{B^_,.i„ (x)) 



We now estimate the term El (p^.r^iaP+^+n^ i I using the decay of cor- 
relations. Let p' ~ b/2], and let (see Lemma B.5) 

p'+i 

k—p' 

From the definition of the sets l^(a;,r), the function 

is L°° and constant on stable manifolds. We would like to use the 
decay of correlations proved in [20, 21]. Unfortunately, the function ip 
is not Holder continuous. However, it is known that for ^ constant on 
local stable manifolds, the proof works as well and leads to an estimate 
where the Holder norm of tj) is replaced by its L°° norm. This follows 
easily from the observation that, in this case. Approximation jj^l in 
[20, Section 4.1] is not necessary. The rest of the proof is identical. 
This yields the estimate 

-E((^a;^r)E( l|5P' + i+f^ I l^""; ^(x.r) 
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From Lemma B.5, we have 



E 



<^a;,r f ]l^^p| + i+£^_^j%^,_,(j;,r) j 



rpP- 



P' + l 



p'+i 

<J2fi{%{x,r))< 

k—p' 



P+e 



^ 7 , M(®r,fcloga/lo! 
k—p' 



Srj 



If a'' < r/2, we have by using Proposition 4.2 with q = p and suitable 

<ti{%>,i{x,r)) 

p'+e 

!i 2_^ A*(©r,fclogQ/logr) 

^ / , \l^\^r+a'',kloga/log{r+a'')) + Mi ®r,fc log q/ log r j j 
/c— p' 

< C [r"""^ a^'/^ ^(t>+3)piog(r-i) 

+fr-"-i(l+wplog(r-i))2 rj2(plog(r-i))]Ai(S,(x)). 
Using again Proposition 4.2 with q = po and 

(5 = (5o = 2(n + 2 + (w + 3)pologA), 
we get the estimate 

< n(Br{x)) - / (px,r d^i 
< n{Br{x)) - ^(B^_^5o (x)) 

<C [r + r-"-i(l + «polog(r-i))2 ^(^(po log(r-i))] M(Br(x)) . 



If 



p>p, =4(n + 2 + (w + 3)plogA) 



logr 
log a 
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we conclude that 

E 

C 



< 



r + r-"-i(l + vpo log(r-i))2 ^^(po log(r-i)) 

+ fr-"-i(l + 'yplog(r-i))2 fi2(piog(^-i)) 

+ Cr-3("+2+(''+3)PoiogA) n^(2(n + 2 + {v + i)p\ogA) ^^^\ 

\ ^ ' logo:/ 



Vi{Br{x)) 



The proposition fohows in the case p > p^,. 
We now consider the case p < p^. We can write 



E(]l{Xi=l}]l{sJ+J+^=g} 



■ E I ]i{xi=i}]i{5P.+j+'=,} n ^{-^.=0} 



]i{jfi=i}iisp+j+*=<,) 1 1 - n ^{x,=o} 



E ]i{x,=i}]i|sr± 



{5^:1^=9} 



^h^^-l}^(5-:rW l-IIV. 



=0} 



J=p 
p* 



]i{xi=i}]i{5P+i+^^,j 1 - n ^{^.=' 



0} 



Therefore, using the invariance of the measure /u and the inequahty 



i-nv.=o}<Ev.=i}' 



j=p 



3=P 
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we obtain 






J=p 

The first term is estimated as before, and the second term is bounded 
by _R2(/^(-Br(a:;)),p*), which is estimated using proposition 4.1 for x G 
-/,.. The proposition fohows if we take 

Mr = Mr UWr . 



4.3 End of proof 

Proposition 4.4. There exist constants C > and s > sitc/i that 
for any r G (0, ^[, for any a € (0, jj^r^), for b = b{a) as in Lemma 
4-1, and for any po > and p > Qjjthere exists a measurable subset 
Mr of the attractor .s/ containing Mr satisfying 

l^iMr) < 

C \n{s log(r-i)/3) + r^ + log(r-i) r"^ 



+ log(r-i) r!2(alog(r-i/2))+r + fi2(piQg(^-i)) 
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such that for any x G .-B/\Air, we have for any integers p, N and M , 
the error term in Theorem 2.1 is bounded by 



R{n{Br{x)),N,p,M) <C 



NM fi{Brix))x 



r + r-"-i(l + wpo log(r-i))2 ^^(po \og{r~^)) 
+ N r-"-i (1 + vp log(r-i))2 n^ (p \og{r-^)) 



^^^-3(«+2+(.+3)p„iogA) n^(2(n + 2 + {v + 3)p\ogA) ^^^) 

\ log a/ 



+ i\og{r~')y O - min<^- 



1 



log a 



1 l0S(T-\) 

+ max < r 2 , a i^iog^ 



4' 241ogA 



logr 



log(r 1) 



+ 4(p + n + 2+iv + 3)plogA) f^^ (r^ + r-^-" r!2((log(r-i))2)) 

log a 

+ Mpfi{Br{x)) (1 + A^/i(B^(x))) 

for any M < N and p < N . 

Proof. This result follows at once from Propositions 4.1 and 4.3 
with £<N.U 

We now finish the proof of Theorem 3.1. Let x E £/\Air- We 
choose for a fixed real number t > 

N^[t/^i{BAx))]. 

Since .T ^ Mr, behave p [Br (x)) > r"+^. Wechoosep = 0(1) log(r^^) 
and M — I + [log(r^^)]. If there are two constants C > and 9 > 
such that for any s > 

n{s) <Ce-^\ 
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it follows that 
R{^l{Brix)),N,p,M)< 



c 



(l + [log(r-i)]) (r + r-''-^{l + vpo\og{r-^)f cxp ( - 20po log(r-i)) 

+ r-2"-2i(i + yp log{r-^)f cxp ( - 26lp log(r-i)) 

^^-3(„+2+(.+3)p„iogA) cxpf-40(n + 2 + (t; + 3)plog^) ^-2^) 

V log a/ 



1 . f 1 — log a 



log( 
+ {log{r-')r cxp(^-0- min|-, ^^^| log(r-i)^ 

+ inax<^ r^ ,a laiogA I -|- 4(log(r^"^) +n + 2 

+ (w + 3)p log A) ^^^ (r* + r-3-" exp ( - 26l(log(r-i))2) ) 
log a / 

+ (l + [log(r-i)])'A^(i?.(x)) 

(l + [log(r-i)])! 
We now take po large enough so that for any r € (0, 1/2) 

r-"-i(l + wpolog(r-i))2 cxp(-26lpolog(r-i)) <r. 
We then choose p large enough so that for any r e (0, 1/2) 
r-2"-2i(i + „plog(r-i))2 exp ( - 26lp log(r-i)) 

^^-3(«+2+(.+3)poiogA) exp(-40(n + 2 + (i; + 3)plogA) ^^^) < r . 

logo: 

We obtain 

R{n{Br{x)) ,N,p,M) <C r" 

for some constant a > 0. Similarly, choosing a — 1/(3 log vl) there 
exists a constant 6 > such that 

KMr) <Cr^ . 

Theorem 3.1 now follows from Theorem 2.1. 

A Some consequences of Besicovitch cov- 
ering Lemma 

We state and prove a few lemmas which result from a version of Besi- 
covitch's covering Lemma valid on Riemannian manifolds [11, Section 
2.8]. Some of these lemmas may be useful in more general contexts. 
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Lemma A.l. Let ^ he a probability measure with compact support in 
a n-dimensional Riemannian manifold M . Then, for any g > 0, there 
exists a constant C > such that for any r e]0, 1] 

M ({x I < ti{Br{x)) < r"+0}) < Cr^ . 

Proof. Let 

Tr^ {x\fl{Br{x)) <r"+8} . 

The family of balls C — {Br{x) : a; € J>} is obviously a covering of J>. 
Therefore, by Besicovitch's covering Lemma, there is a finite number 
p{n) and q collections of balls belonging to C, denoted by Hi, . . . , Hq, 
with q < p(n), such that in each collection Hi the balls are pairwise 
disjoint, and the collection of all the balls in all the Hi {1 < i < q) 
cover Jv. We have 

< E E -""^- 

4=1 Be-H.,M(S)>0 

Since /x has compact support, there is a number i?o > such that 
U U BdBnM- 

1=1 BeH,,ti{B)>0 

Therefore, since the balls in each Hi are disjoint, there is a constant 
C" such that for any 1 < i < q wc have 

Card({B e H^ \ fi(B) > O}) < C r'"- . 

This implies 

t^i^r) <p{n)C"r^ . 



Lemma A. 2. Let fi be a Borel probability measure on a n-dimensional 
Riemannian manifold M . For r > and s > define 

<?r,s = {a; I M(-B2r(a;)) > r^^ l^-{Br{x))] . 

There is a constant C > independent of r and s (it depends only on 
n) such that 

l^i'^r.,,) <Cr' . 
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Proof. The family of balls C = {Br{x) : x E S'r} is obviously a cov- 
ering of S'r^s- Therefore by the Besicovitch covering Lemma, there is a 
finite number p{n) and q collections of balls belonging to C, ?^i , . . . , Hq 
with q < p{n) such that in each collection T-Li the balls are pairwise 
disjoint, and the collection of all the balls in all the Hi {I < i < q) 
cover S'r^s- For any 1 < i < q, we will denote by ICi the set of centers 
of the balls in Hi . 

For any 1 < ^ < (?, we consider the set of balls Ci — {B2r{x) : x G 
}Ci}. This is obviously a covering of ICi and the main observation is 
that each point is covered by only one ball. Indeed, if some x E ICi, 
belongs to a ball B2r{y) with y £ ICi, then d{y, x) < 1r which implies 
y = X since otherwise Br{x) H Br{y) ^ 0. 

Applying once more the Besicovitch Lemma to the covering Ci of 
ICi, we conclude that there exists g, < p{n) collections "Hi^i, . . . ,Hi.q- 
of pairwise disjoint balls of Ci such that each collection is at most 
countable and the union of all the balls in all these qi collections covers 
ICi- 

For any I < i < q and 1 < ^ < g^ we have 



^ ^^{B) = ^,i [j b]<i 



which implies 



Since 



we have 



i=l 1=1 BeT-Li^t 

Q 
'^r,^ ^ U U ^-(^) ' 






From the definition of (^r^^ we get 

/iK.)<r^EE^(^2.(x))<r^EE E f^iB)<r^p{n)\ 
This finishes the proof of the Lemma with C — p{nf' . ■ 

Lemma A. 3. Let Ao and Ai be two finite positive measures on a n- 
dimensional Rieniannian manifold M . For uj G (0, 1) and r G (0, 1), 
define the set 

'^c.(Xo,Xi,r) = {xeM\Xi{Br(x)) > Lj\o{Br{x))} . 
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There is an integer p{n) such that 

Ao('^.(Ao,Ai,r)) <p{n)Lu-'X,{M). 

Proof. The family of balls T> = {Brix) : x G K;(Ao,Ai,r)} is 
obviously a covering of '^^^(Ao, Ai,r). Therefore, by the Besicovitch 
covering Lemma, there is a finite number p{n) and q collections of balls 
belonging to 2?, denoted by "Hi, . . . jHq, with q < p{n), and such that 
in each collection "Hi the balls are pairwise disjoint, and the collection 
of all the balls in all the Hi (1 < i < q) cover '^^^(Ao, Ai, r). For any 
1 < ^ < 9, we will denote by /C^ the set of centers of the balls in Hi- 
Therefore, since the balls in each family are disjoint, we get 

q 

Ao(^.(Ao,Ai,r)) < ^ ^ Ao(B.(a;)) 

i=l xeKi 

q 

4=1 xeiCi 
< uj-'^ p{n) Xi{M) . 



The following corollary holds under the notations of Section 3. Its 
proof is an immediate consequence of the previous lemma. 

Corollary A.l. For any non-negative integer q, let pg be the mea- 
sure defined by 

oo Ri~l 
i,Ri>q+l j=0 

Note that (Xq = p, the SRB measure. For lo G (0,1) and r G (0,1), 
define the set 

"(f^^ {x(^ S^\llq{Br{x))>Wlla{Br{x))] . 

There is an integer p{n) such that 

i,Ri>q+l 

B Some technical estimates 

The following lemmas hold under the notations and the assumptions 
of Section 3. 
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Lemma B.l. There is a constant C > such that for any 7 G F" 
and any i, we have 

Leb^(A,) > C A-""-^' 

and 

m^(A,) >CB-^ ^-"ufl. ^ 

where A is the constant defined in (16) and B is the constant appearing 
in (13). 

Proof. From the Markov property, it follows that T^* (7 n A^) = 
7' n A for some 7' e F" . Since the Jacobian of T is bounded above by 
A"", we have 

^"„i?. Leb-.,(Ai) > Leb^.(A) . 

By the distorsion property of the Jacobian along the stable holonomy 
(see property (P5)(b) in section 3), there is a constant D > I such that 
for any 7" £ F" we have 

D-^Leh^,,{A) < Leb^/(A) < DLehY,{A) . 

It follows immediately from (14) that there is a constant D' > such 
that 

inf Leb.^// (A) > D' . 

7" 

The first estimate of the lemma follows. The second estimate follows 
from (12) and (13). ■ 

Lemma B.2. There exist two constants C > 0, r > and, for any 
r G (0, 1), there exists a measurable set Jr such that 

Ai(j.)<Cf}(log(r-i)/(41og^)) 

and for any x G s^\Jr we have 

ti{Br{x)) < C r\ 

Proof. Let r' > to be chosen later on. We have 

00 Ri-l 

fi{Br{x)) = 5m m{T-^{Br{x)) n A,) 

1=1 j=0 

Ri-1 
Y. ^ m(r-J'(^-(2^))nA,)+Mi(S,.(a;)) 

i, i?i<t'log(r-i) j=0 

where 

Mi(^)= E f;^m{T-^A)nA,). 

i, fli>t'log(r-i) J=0 
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Since T is a difFeomorphism we have (see (16)) 

m{T-' {Br{x)) n A,) < to(B2a.>(2/) n A,) 
for some y G A^. Using (13) we have 

m^{B2A^r{y)rlA^) < B hch^ {B^a^ ,{y)) < B {2A^rT\ 
and by (11) and Lemma B.l this imphes 

'm{B2Ai r{y) ^ ^i) = j Av{w) mw{B2A3r{y)^J^i) 

'mw{B2Air{y) n Aj) 



Av{w) 



(A, 



m^(Ai) 
< 0(1) r""(i-2t'iogA) /"^^^^^^^^^^^ 



0(1) r 



,n„(l-2t'logA) 



l{Ai) 



We choose r' = 1/(4 log A) and c = n^jl. To finish the proof we apply 
Corollary A.l with q ~ r'log(r^^) + 1 and uj = O(r'log(r^^)). This 
finishes the proof. ■ 



Lemma B.3. For any given integer k, for any integer p, and any 
r > we have 



Br{x)r\T^{B.r{x)) 7^ 



C < X 



B,^r{x)nT^'^''{B,^r{x))^9 



where 



A 



k2P 



Sp-2'' ^k_i 



1 



Proof. Wc first consider the case p = 1. Let x be such that 
Brix)nT>'{Brix)) ^ 0. This implies T^{Br{x)) nT^''{Brix)) ^ 0. 
Moreover there exists z E Br{x) such that T^{z) € Br{x). For any 
u G T'^{Br{x)), there is a u G Br(x) such that T^{v) ~ u. Therefore 

d{u,T^{z)) = d{T''{v),T^{z)) < A''d{v,z) < 2A^r . 

This implies by the triangle inequality 

d{u, x) < d{u, T''{z)) + d{x, T''{z)) < {2A'' + 2)r . 

In other words T'' (Br{x)) C Bf2A''+2)r{^)- From the obvious inclusion 
r^'^(_Br(a;)) C r^'^(-B(2^fc+2)r(2;))j the case p = 1 follows, namely 



Br{x)nT''{Br{x)) 7^0 

C <! X B2(^A''+l)r{x) n T^''{B2(^A'' + l)r{x)) ^ 
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The general case follows by induction. ■ 

Lemma B.4. There exists a constant < tq < 1 such that for all 
r e (0,ro), for all i such that Ri < (log(r"^))/(41og A), for all < 
j < Ri, for every x G £/ , for any 70 G F", we have 

Card{7 G r"|7nA C r^'(7onA,) and jOAnT'^'^-^ {Br{x)) 7^ 0} < 1. 

Proof. Let us assume that the above cardinality is greater than one. 

So let 71 7^ 72 with 

71,72 e {7 e r«|7nA C T^'(7onA,) and jnAnT'^'-^Brix)) ^ 0}. 

Let Ml G T3-^'{j-^ n A) n Br{x) and M2 G Ti-^^{j2 n A) n Br{x). 
Since Mi and M2 belong to the ball Br{x) we have 

d(r^'-^(Mi),r^'-^(M2)) < A"'-^ d{Mi,M2) < 2r3/4 . 

Let P = 72 n 7^(T-'^*^-'(Mi)) n A (there is one and only one such 
point by property 3) of F" and F"). Since the elements of F" and 
F* are uniformly embedded regular disks with angles bounded away 
from zero (cf. property 2) of F" and F**), we conclude that there is a 
constant C > such that uniformly in r small enough, Mi and 72 , we 
have 

d{T"--^{Mi),P) <2Cr3/4 . 

Let 

D^ - 7^(T-^(Mi)) n B4c,i/3(r--'(Mi)) . 

There exists a constant C" > such that uniformly in r small enough 
and in Mi we have by (16) 

T«'(Z?o) D 7'(r^'"^(Mi)) n Bc'rV6(r^'--'(Mi)) . 

Hence, for a uniform ro small enough and any r < r^, P £ T^'IDq). 
This implies T-^-{P) and T-^(Mi) belong to 70 n D^. This is a con- 
tradiction with property 3) of F" and F^, and the lemma is proved. H 

Lemma B.5. Let 

Ri-l 

M^^r)^\JlJ U r-'(7nA,). 

i j=0 -lern 

Then for all x G ^, for all r G (0, 1) and for all p, we have 

fi{yp{x,r)) < fi{K,p\oga/logr{x)) , 

where '^r,p\oga/\ogr{x) is the corona 

^r,ploga/logr[x) = Br+ap(x)\Br-aP (x) ■ 
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Proof. If TP+^ (7 n A^) n S,. (x) ^ then, by the uniform contraction 
of stable manifolds (see condtion (P3) in sectionNUDS), we have 

TP+^-fCiA^) c "^.p log a/ log r (a;). 
Therefore 

U T^-f n A,) CT-P{K,plog a/ logri^)), 

whence 

tp{x,r) C r"P('^r^pioga/iogr(a;)). 

This implies by the invariance of /i 

fi{tp{x,r)) < fJ.{'^r,ploga/logr{x)) ■ 
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